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1986 Kardar, Parisi, Zhang
[1, 2]. 1
$\frac{\partial h(x,t)}{\partial t}=\frac{\lambda}{2}(\frac{\partial h(x,t)}{\partial x})^{2}+l$ $\frac{\partial^{2}h(x,t)}{\partial x^{2}}+\eta(x, t)$ (1.1)
$h(x, t)$ $x$ , $t$ 1
2 $\eta(x, t)$
$\langle\eta(x, t)\eta(x’, t^{l})\}=D\delta(x-x’)\delta(t-t’)$ . (1.2)
Kardar-Parisi-Zhang(KPZ)
$w(L, t)$ $:=\sqrt{\{h(x,t)^{2}\}-\{h(x,t)\rangle^{2}}$ (1.3)
$L$
$w(L, t)\sim\{\begin{array}{l}t^{\beta}, t<t_{c},t_{c}\sim L^{z}L^{\alpha}, t_{c}<t,\end{array}$ (1.4)
$*$ E-mail:imamura@gamology.rcast.u-tokyo.ac.jp












Exclusion Process, ASEP) (Polynuclear growth(PNG) model)
2000 Johansson[3], Pr\"ahofer-Spohn[4]
$\beta(=1/3)$ (
[5] ) ( $L$ ) droplet
$h$
$t$





$\lim_{tarrow\infty}$ Prob $(H_{t}\leq s)=F_{2}(s)$ (1.7)
(1.7) $F_{2}(s)$ GUE Tracy-Widom [6]
$F_{2}(s)=\det(1-K_{2})$ (1.8)
Fredholm
$\det(1-K_{2})=\sum_{k=0}^{\infty}\frac{(-1)^{k}}{k!}l^{\infty}d\xi_{1}\cdots d\xi_{k}\det(K_{2}(\xi_{m}, \xi_{n}))_{m,n=1}^{k}$ (1.9)
$K_{2}( \xi_{1}, \xi_{2})=\int_{0}^{\infty}d\lambda Ai(\xi_{1}+\lambda)$ $Ai$ $(\xi_{2}+\lambda)$ (1.10)



































(1.1) $\nu=1/2,$ $\lambda=1,$ $D=1$ KPZ Cole-Hopf
$Z(x, t)=\exp(h(x, t))$ (2.1)
$\frac{\partial Z(x,t)}{\partial t}=\frac{1}{2}\frac{\partial^{2}Z(x,t)}{\partial t^{2}}+\eta(x, t)Z(z, t)$ (2.2)
35
$Z(x, t)$
$Z(x, t)= \int Dx\exp(-S[x])$ (2.3)
$S[x]$
$S[x]= \int_{0}^{t}dt’(\frac{1}{2}(\frac{dx}{dt})^{2}-\eta(x, t’))$ (2.4)
(2.3) $x(s),$ $0\leq s\leq t$ $\exp(-S)$
(23),(24) 2
$x(s),$ $0\leq s\leq t$ $(x, t)2$
$x(s)$ $s$
(directed polymer) (2.4) 2
(2.1) KPZ
( )
$x(s),$ $0\leq s\leq t$ $x(t)$ $x$ (1.1)
(i) narrow wedge
$h(x, t=0)=-\delta|x|-\log_{2}\delta,$ $\deltaarrow 0$ ,
$Z(x, t=0)=\exp(h(x, t))=\delta(x)$ (2.5)
(ii) flat
$h(x, 0)=0$ , $Z(x, 0)=1$ (2.6)
( 1) (i) (2.3) $x(O)=0$ (ii)
$-\infty<x(O)<\infty$
$\langle Z^{N}(x,t)\rangle,$ $N=0,1,2,$ $\cdots$












Figure 1: (i)narrow wedge (ii)flat $t>0$







$H_{N}=- \frac{1}{2}\sum_{j=1}^{N}\frac{\partial^{2}}{\partial x^{2}}-\frac{1}{2}\sum_{j\neq k}^{N}\delta(x_{j}-x_{k})$ (2.10)
$\{Z^{N}(x, t)\}=\{x|e^{-H_{N}t}|\Phi\}$ (2.11)
$|x\rangle$ $N$ $x$ $|\Phi\rangle$
















$\langle\tilde{Z}^{N}(0, t)\}$ $:=\{Z^{N}(0, t)\rangle e^{\frac{Nt}{24}}=(e^{-Nfr}\}$ (3.3)
$f$ $W_{r}(s)$
$f$













$x_{N}| \Psi_{z}\}=C_{z}\sum_{P\in S_{N}}(-1)^{sgnP}\prod_{1\leq i<j\leq N}(z_{i}-z_{j}+isgn(x_{j}-x_{k}))\exp(i\sum_{j=1}^{N}z_{P(j)}x_{j})$
(3.7)




















: ::: :: ::
: $\bullet:\overline{\sim}9=q_{3^{-}}3i/2$::: ::: :::
Figure 2: $z_{j},$ $1\leq j\leq N$ $N=9,$ $M=3,$ $n_{1}=3,$ $n_{2}=2,$ $n_{3}=4$
$z_{j}$ 2
$q_{k},$ $1\leq k\leq M$ 1 $M$
$q_{k}$ $q_{k}$ $n_{k}$ $\sum_{k=1}^{M}n_{k}=N$
$Z_{j}=q_{\alpha(j)}- \frac{i}{2}(n_{\alpha(j)}+1-2r(j))$ ,
$\alpha(j)=k$ , for $\sum_{a=1}^{k-1}n_{a}<j\leq\sum_{a=1}^{k}n_{a}$ ,
$r(j)=j- \sum_{a=1}^{\alpha(j)-1}n_{a}$ (3.8)





$\{0|\Psi_{z}\}=C_{z}\sum_{P\in S_{N}}(-1)^{sgnP}\prod_{1\leq i\triangleleft\leq N}(z_{i}-z_{j}+if(i,j))$
$=C_{z}N! \prod_{1\leq i\triangleleft\leq N}(z_{i}-z_{j})$
(3.11)
1 $f(i,j)$ (3.7) $sgn(x_{i}-x_{j})$ $x_{i}$
$Xj$ $+$ 1 -1 2 $Zj$ $f(i,j)$
( [22] Lemma 1 )
(3.11),(3.8), (3.9) (3.6) $|\{0|\Psi_{z}\rangle|^{2}$
$| \langle 0|\Psi_{z}\}|^{2}=\frac{N!}{\prod_{\alpha=1}^{M}n_{\alpha}}\prod_{\alpha<\beta}^{M}\frac{|q_{\alpha}-q_{\beta}-\frac{i}{2}(n_{\alpha}-n_{\beta})|^{2}}{|q_{\alpha}-q_{\beta}-\frac{i}{2}(n_{\alpha}+n_{\beta})|^{2}}$ (3.12)
$\frac{\prod_{\alpha<\beta}^{M}(a_{\alpha}-a_{\beta})(b_{\alpha}-b_{\beta})}{\prod_{\alpha,\beta=1}^{M}(a_{\alpha}-b_{\beta})}=(-1)^{M(M-1)/2}\det(\frac{1}{a_{\alpha}-b_{\beta}})$ (3.13)
$| \langle 0|\Psi_{z}\rangle|^{2}=2^{M}N!\det(\frac{1}{n_{j}+n_{k}+2i(q_{j}-q_{k})})_{j,k=1}^{M}$
$=2^{M}N$ ! $\int_{0}^{\infty}d\omega_{1}\cdots d\omega_{M}\det(e^{-\omega_{j}(n_{j}+n_{k}+2i(q_{j}-q_{k}))})_{j,k=1}^{M}$
$=2^{M}N$ ! $\int_{0}^{\infty}d\omega_{1}\cdots d\omega_{M}\det(kk$ (3.14)
$\sum_{z}=\sum_{M=1}^{N}\frac{1}{M!}\prod_{j=1}^{M}\sum_{n_{j}=1}^{\infty}\int_{-\infty}^{\infty}\frac{dq_{j}}{2\pi}\delta_{\Sigma_{j=1}^{M}n_{j},N}$ (3.15)
(33)






$W_{r}(s)$ $.= \sum_{N=0}^{\infty}\frac{(-e^{rs})^{N}}{N!}\{\tilde{Z}^{N}(0, t)\rangle$
$=1+ \sum_{N=1}^{\infty}\sum_{M=1}^{N}\frac{(-e^{rs})^{N}}{M!}\prod_{j=1}^{M}\int_{0}^{\infty}d\omega_{j}\sum_{n_{j}=1}^{\infty}\delta_{\Sigma_{j=1}^{M}n_{j},N}$
$\cross\det(\int_{-\infty}^{\infty}\frac{dq}{\pi}e^{-n_{i}(\omega+\omega)-2iq(\omega_{j}-\omega_{k})-\frac{t}{2}n_{j}q^{2}+\frac{t}{24}n_{j)}^{3}}jk$


















$\lim_{tarrow\infty}$ Prob $(f>s)= \lim_{tarrow\ovalbox{\tt\small REJECT}}W_{r}(s)=F_{2}(s)$ (3.24)
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( $N$ ) $\delta$-Bose
ASEP ?
[20] ASEP (2.9) ASEP
$U_{q}(sl_{2})$ [21] 1 $Z(x, t)$







[1] M. Kardar, G. Parisi, and Y. C. Zhang, Dynamic scaling of growing interfaces, Phys.
Rev. Lett., 56: 889-892, 1986.
[2] 2002.
42
[3] K. Johansson, Shape fluctuations and random matrices, Commun. Math. Phys., 209:
437-476, 2000.
[4] M. Pr\"ahofer and H. Spohn, Universal distributions for growth processes in 1 $+$ 1 di-
mensions and random matrices. Phys. Rev. Lett., 84:4882-4885, 2000.
[5] 1 79, 881-925, 2003.
[6] C. A. Tracy and H. Widom, Level-spacing distributions and the Airy kernel, Commun.
Math. Phys., 159: 151-174, 1994.
[7] 2005.
[8] T. Sasamoto, Fluctuations of the one-dimensional asymmetric exclusion process using
random matrix techniques, J. Stat. Mech., P07007, 2007.
[9] 64, No 6,
436-440, 2009.
[10] 65, No.lO. 760, 2010.
[11] K. Takeuchi, M. Sano, Universal Fluctuations of Growing Interfaces: Evidence in
Turbulent Liquid Crystals, Phys. Rev. Lett. 104, 230601, 2010.
[12] T. Sasamoto, H. Spohn, One-Dimensional Kardar-Parisi-Zhang Equation: An Exact
Solution and its Universality, Phys. Rev. Lett., 104, 230602, 2010.
[13] T. Sasamoto, H. Spohn, Exact height distributions for the KPZ equation with narrow
wedge initial condition, $Nuc$ . Phys. $B,$ $834,523-542$ , 2010.
[14] T. Sasamoto, H. Spohn, The Crossover Regime for the Weakly Asymmetric Simple
Exclusion Process, J. Stat. Phys., 140, 209-231, 2010.
[15] G. Amir, I. Corwin, and J. Quastel, Probability distribution of the free energy of the
continuum directed random polymer in 1 $+1$ dimensions, $Com$. Pure. Appl. Math.,
DOI: 10. $1002/cpa.20347$
[16] V. Dotsenko, Replica Bethe ansatz derivation of the Tracy-Widom distribution of the
free energy fluctuations in one-dimensional directed polymers, J. Stat. Mech., P07010,
2010.
[17] P. Calabrese, P. Le Doussal, A. Rosso, Free-energy distribution of the directed polymer
at high temperature, $Eur$. Phys. Lett., 90, 20002, 2010.
[18] E. Lieb, W. Liniger, Exact analysis of an interacting Bose gas. I. The general solution
and the ground state, Phys. Rev., 130, 1605-1616, 1963.
43
[19] M. Takahashi Thermodynamics of One-Dimensional Solvable Models, $Cambri\cdot dge$
University Press, 1999.
[20] T. Imamura, T. Sasamoto, Current moments of lD ASEP by duality, arXiv:1011.4588
[21] G. SchUtz, Duality relations for asymmetric exclusion processes, J. Stat. Phys.,
86,1265-1287, 1997.
[22] S. Prolhac, H. Spohn, Two-point generating function of the free energy for a directed
polymer in a random medium, arXiv:1011.4014.
[23] N. $0$ ‘Connell, Directed polymers and the quantum Toda lattice, arXiv:0910.0069 $v4$ .
44
